Flexible polyurethane foam is widely used in numerous applications such as seats and mattresses, due to its low stiffness and its ability to absorb deformation energy. The main objective of this paper is to model the quasi-static mechanical behavior of three types of polyurethane foam in large deformation and to compare these three foams with three proposed models. The uniaxial compression/ decompression tests at three different strain rates were performed. The test results show that the three foams present different plateau stresses, maximum stresses and abilities to absorb energy. Moreover, polyurethane foam also presents a nonlinear hyperelastic behavior and a viscoelastic behavior in large deformation. Three visco-hyperelastic models which include a hyperelastic component and a memory component are proposed to model these behaviors. Model parameters were identified using the experimental data and a proper identification method. These models were validated on these three types of foam with the aim to present comparison results. The comparison results show that Ogden's viscoelastic model best agrees with the experimental results.
INTRODUCTION
Flexible polyurethane foams are widely used in a variety of engineering applications ranging from medical fields to sport, cushioning applications, apparel products, packaging, footwear and sound and vibration control [1, 2] . Because polyurethane foam is a very important material in polymer engineering, it is essential to study its mechanical behavior to improve the product quality, which has originally led to the investigation presented in this paper.
The properties of polyurethane foams include light weight, low stiffness, excellent insulation abilities, a low Poisson ratio, low density (less than 80kg· m -3 for flexible foam), high compressibility, a slow recovery rate and the ability to absorb strain energy. Polyurethane foams are cellular materials and can be categorized as open or closed cell materials depending on the shape and the connectivity of the cells. If foams allow fluid to flow throughout the cellular structure, these foams are called open cell foams [3] . The variety of applications of open cell foams is enormous and the mechanical behavior of open cell foams requires better understanding in order to increase the number of applications. In this study, three types of open cell polyurethane foams are investigated.
The mechanical behavior of polyurethane foams under different strain rates and large strain levels is highly complicated [4, 5] . The description of the mechanical response of foams required considerable time and effort. Konstantinidis et al. used two 3D analytical models to determine the mechanical behavior of closed and open cell foams [6] . Amaral-Labat et al.
presented the mechanical properties of heat-treated organic foams [7] . Zaretsky et al. studied the impact response of high density flexible polyurethane foams [8] . Saint-Michael et al. studied the mechanical properties of high density polyurethane foams [9] . Numerous other researchers worked on the mechanical properties of low density foams [10, 11] . More details related to mechanical properties of foams are given by Gibson and Ashby [12] . The stress-strain response of polyurethane foams shows a nonlinear hyperelastic behavior which can be described by a number of hyperelastic models [13, 14] . In the literature, a variety of models have been proposed to fit experimental results for hyperelastic materials. Mooney proposed a model with two parameters [15] . The Neo-Hookean model has only one material parameter [16] . Rivlin made a modification of the Mooney model and proposed a general expression which is named Mooney-Rivlin model [17, 18] . The Blatz-Ko model [19] was also used to describe the hyperelastic properties of compressible materials and this model was revised and generalized by Willson and Myers [20, 21] . In 1972, Ogden [22, 23] proposed a strain energy function expressed in terms of principal stretches, which is a very general expression for describing hyperelastic materials. Other models include those of Yeoh [24] , Beatty [25] , Arruda-Boyce [26] , Bischoff et al. [27] , and Attard [28] also helped to predict the hyperelastic behavior of polyurethane foams. Besides hyperelasticity, polyurethane foams show strong viscoelasticity which is an important aspect of polyurethane foam behavior [29, 30] . A material is called memory viscoelastic if the present state of response depends, not only on the present state of loading, but also on the previous states [31, 32] . Polyurethane foams exhibit a significant hysteretic response during unloading after prior loading in uniaxial compression. The stress during unloading is significantly lower than the one during loading under the same strain. To describe this phenomenon, Yang et Shim [33] proposed a visco-hyperelastic model for foams under strain rates to capture the large three-dimensional compression behavior. In the work presented here, a memory model is proposed to study the viscoelastic behavior of polyurethane foams. This paper describes the mechanical behavior of three different polyurethane foams. The purpose is to combine a hyperelastic equation and a viscoelastic constitutive model to create a visco-hyperelastic model and to estimate the model parameters so as to allow a good correlation between the model and the experimental results. A non-linear identification method has been used out to obtain the parameters. The determination of model parameters is based on the use of test samples under a simplified strain state. The unknown model parameters are obtained using curve fittings from experimental data. The corresponding identification errors are also taken into account to analyze the results. Numerous compression tests were performed to obtain a sufficient number of experimental results for parameter identification. The determination of these parameters through foam testing is important for the provision of data for the simulation of their service performance, product design and quality control.
EXPERIMENTAL

Materials
Three types of polyurethane foam, which are usually used as core material in a sandwich structure, were considered and are referred to here as foam A, foam B and foam C. The properties of the three types of polyurethane foam are summarized in Table 1 . In order to study the stress-strain relation of these foams, a series of loading-unloading uniaxial compression tests were performed at a constant temperature and humidity. The polyurethane foam test specimens were cut from a foam block 2000mm×1200mm×75mm (length, breadth, thickness). The band saw method was used to cut the foam specimens in the present work. Following specific track, specimens were cut with desired dimension. All specimens were put on table for the rest of 24 hours to eliminate the biased effects which occur in the cutting process. The specimens were not presented exactly the same dimension in height. For this reason, the samples which have the difference lower than 2 mm from the desired height were chosen to perform the tests. All specimens were provided with the same mechanical and environmental histories. They were original specimens and each specimen was compressed and decompressed only one time.
Quasi-static experiment and device
All the tests were carried out with a standard "INSTRON 3300R4204" compression-tension testing device driven with BLUEHILL software (Figure 1 ).
Figure 1 experimental device
The device includes a basis frame and an upper block which moves vertically. Two compression plates were installed on this device: one on the base of the machine and the other on the force sensor of the crosshead. The two plates were carefully checked to be strictly parallel. Before the beginning of the experiments, the top plate had to be moved down slightly for full contact with the material because the top and bottom of each foam sample were not exactly parallel. In order to establish a homogeneous deformation field, the shear stresses between the two plates on the top and the bottom sides and the test specimen at the uniaxial compression test had to be ignored [34] . There are numerous norms for the tests of polyurethane foam and the norm 'ASTM D 3574' norm was used here as reference to perform the tests.
For the sake of minimization of the noise contribution, the maximum experimental response force of foam had to be slightly less than the load cell maximum capacity. The test conditions including the strain rate, the maximum compression level, the number of cycles, the sampling period and the test mechanical parameters exported were controlled using the BLUEHILL software configuration window.
At the beginning of the experiment, the samples were set into position on the bottom plate.
The test started when the upper plate began to affect the foams and then the upper block moved down to compress the samples to the final level. The final compression ratio was 80% of the original thickness. At the end of the loading process, the upper block took a converse compression direction and returned to its initial position. The software BLUEHILL recorded all test data such as time, stress, strain, force and displacement. Each specimen had been quasi-statically compressed and then decompressed at a constant speed during all the test process. At the beginning of the test, 15 test samples for each foam at three strain rates were taken for the preliminary test. Then, equation (22) helped to determine the minimum number of test samples which were to ensure the statistical quality of the parameters. The quasi-static compression test conditions and the minimum number of tests are given in Table 2 ; more details will be given in the discussion section. Experimental results Figure 1 shows the experimental stress-strain results of foam A, foam B and Foam C in test 1, test 2 and test 3, respectively. It can clearly be seen in Fig. 1a that the deformation of polyurethane foam has three regions which can be distinguished during uniaxial compression:
initial elastic deformation (Region 1), collapse deformation (Region 2) and compaction deformation (Region 3). In the first stage, the polyurethane foam deforms in a linear elastic manner due to cell wall bending, which accounts for less than 5% of the entire deformation.
In the course of the second stage, there is a plateau of deformation at almost constant stress. The cell walls which are like thin tubes or plates, lose their stability and cause large deformations. During this stress plateau phase, the polyurethane foam undergoes large compressive strains and absorbs a considerable amount of specific energy. In the third stage, a region of densification occurs where the cell walls crush together, resulting in a rapid increase in compressive stress. As can be seen, there is a significant stress difference between the loading and unloading processes corresponding to the same strain level for three foams. This phenomenon can be explained by the viscoelastic behavior of polyurethane foams. It also indicates that the area between the loading curve and unloading curve for the three foams, which represents the energy absorbed by foams, is different. This shows that the three foams have different abilities to absorb the strain energy.
FIG. 2. Three types of foam compression stress-strain results in test 1
Figure 2 also demonstrates the comparison of experimental results of three types of foam in test 1. It can be seen from this figure that foam A has both the highest plateau stress and the maximum stress of the three foams and it also has the biggest energy absorption ability. Foam B has a slightly higher plateau stress but has a lower maximum stress than foam C.
It can be seen in Fig. 1 and Fig. 2 that the strain rates affect the experimental curves and that the experimental stress-strain for the loading and unloading phases is quite different due to the viscoelastic properties. This means that the model parameters for the loading and unloading phases should be calculated separately. From the above experimental results, the conclusion corresponds to the empirical theories: polyurethane foams exhibit both a nonlinear hyperelastic behavior and a viscoelastic behavior in the quasi-static compression test. It will be of help in the modeling of the mechanical behavior of polyurethane foams. The proposed model should consist of hyperelastic and viscoelastic behaviors. The modeling method is discussed in the following section, based on the experimental conclusion of the present paper.
MODELING
Polyurethane foams are assumed to be homogeneous with a constant-section in small deformation [35] . This assumption was extended to large deformation by researchers who worked on the macroscopic memory models [36, 37] . According to the experimental results of this paper and the empirical results, polyurethane foams exhibit nonlinear hyperelastic and viscoelastic properties. In order to predict the mechanical behavior of polyurethane foam, a visco-hyperelastic model which can be decomposed into the sum of a viscoelastic component and a nonlinear hyperelastic component, is proposed here. The stress response of the viscohyperelastic model in uniaxial compression is represented as:
( 1) where is the entire stress response, and are the hyperelastic stress and viscoelastic stress, respectively. The nonlinear hyperelastic constitutive models which are commonly used in the study of rubber-like materials are considered to represent the hyperelastic stress here.
For the viscoelastic part, a hereditary integral model is used to describe the viscoelastic stress.
Hyperelastic component
Hyperelastic constitutive laws are usually used to model materials that respond elastically when subjected to very large strains. In the theory of hyperelasticity, there exists a strain energy function, denoted or , where F is the deformation tensor, where are the principal stretches and are given by , where are strains (for compression ), to describe the hyperelastic phenomenon [22, 23, 38] . In the present paper, the strain energy functions with principal stretches are used and the stress can be derived from the function by [39] : ( 2 ) where is the determinant of the deformation gradient. It can be expressed as: (3) where are the densities in the reference and deformed configurations respectively.
In this study, the deformation is uniaxial compression and the compression direction is also a principal direction of the deformation. For the development of the models, suppose that the principal stretch corresponding to (Y-coordinate) corresponds to the compression direction; so, the stress state can be deduced:
Ogden's model
The hyperelastic model developed by Ogden [22] is widely used for compressible materials and the stored energy, W, is expressed in the form of a series:
where are material parameters, is the volumetric function. For practical purposes, the sum in (5) is restricted to a finite number of terms, while, for consistency with the classic theory, the shear modulus of the material can be deduced with:
(6) Based on equations (2) and (5), the stress for the Ogden model can be obtained:
According to equation (4), the solution of and substitution for equation (7) gives
Polynomial model/ Mooney-Rivlin model
The polynomial hyperelastic material model is a phenomenological model of rubber elasticity. This model can also describe the elastic properties of materials. In this model, the strain energy density function is of the form of a polynomial in the two invariants of the left Cauchy-Green deformation tensor. For compressible materials, a dependence of volume is added and the strain energy density function for the polynomial model is: (9) where (10) F is the deformation gradient tensor. When N=1, the model is reduced to the compressible Mooney-Rivlin model: (11) For N=2, the energy potential is as follows: (12) To allow a comparison with other models, the higher order model (N=3), although rarely used, is also considered here and has the following form:
The stress-strain relations can be derived for the Mooney-Rivlin model (N=1), the polynomial form with N=2 and N=3 by considering equations (2) (4) (11) (12) (13).
Reduced polynomial model / Neo-Hookean model
Particular forms of equation (9) can be obtained by setting specific coefficients to zero. If all with are set to zero, the reduced polynomial form is obtained:
By setting N=1, the Neo-Hookean form is obtained:
This form is the simplest hyperelastic model and is often used as a prototype for elastomeric materials. With N=2, the reduced polynomial strain energy potential is represented as: (16) and with N=3, it can be written as:
The stress strain relation is easily obtained with equations (2) (4) (15) (16) (17) .
Viscoelastic component
In the literature, a variety of macroscopic models are used to describe the viscoelastic behavior, such as the Maxwell model, the Kelvin Voigt model and the Zener model [40] . In this paper, the viscoelastic stress is represented by a hereditary integral model with different loading and unloading parameters:
where T is the test period and are the viscoelastic parameters in the loading and unloading phases, respectively. is a complex number indicating the viscoelastic residue. It is expressed in . represents the viscoelastic mode.
It is expressed in . This model takes account of the memory criterion of polyurethane foams and indicates the viscoelastic properties during the compression test process.
Entire stress response
The hyperelastic models describe the nonlinear elastic behavior and the hereditary integral model indicates the viscoelastic behavior of polyurethane foams. Combining the elastic component and the viscoelastic component, the global model of polyurethane foams undergoing large compressive deformation is given by equation (1).
Identification method
In the quasi-static compression test, the strain rates are a constant in the loading and unloading process. So, the relation between strain and time is linear and the curve obtained is as an isosceles triangle. The function of in the loading and unloading phases in equation (18) can be defined as: (19) where is the maximum strain.
Based on the symmetry of the elastic stress during the loading and unloading phases, the difference-stress method is used to identify the viscoelastic parameters [40] . According to equation (18) , the difference stress between the loading and unloading phases is given by:
where and are the loading time and unloading time corresponding to the same strain level, respectively. Equation (20) helps to identify the viscoelastic parameters. After obtaining the viscoelastic stress in the loading and unloading phases, the elastic stress is determined using the hyperelastic models mentioned above. The identification method is summarized in Fig 3. 
FIG. 3. Identification method
Parameter optimization approach
Optimization methods are used as basic tools to identify both viscoelastic parameters and elastic parameters. The stress-strain experimental data can be obtained from the uniaxial compression tests. The mean square error between the experimental data and model data can be calculated using a function : (21) where is the model stress and is the experimental stress. The objective of the optimization is to find the best combination of model parameters which minimize function . MATLAB's optimization toolbox is considered here for minimization. There are deterministic and random methods for optimization [40] . The trust region reflective, Levenberg-Marquardt and Gradient methods are three examples of deterministic methods which are effective when the objective function (function to optimize) changes rapidly. In the present paper, the trust region method is used as the option for the descent algorithm. The best parameters must be chosen to minimize the least mean square error between experimental and analytical data and satisfy the boundary condition, using the LSQNONLIN solver with tight stopping criteria.
MODEL RESULTS
Viscoelastic results
The difference-stress method is used here to identify the viscoelastic parameters, and then the elastic parameters are determined following the results of viscoelastic stress. In the study by Ippili R.K. [37] , the viscoelastic parameters depend on the test conditions. But the present paper considers the dimensionless viscoelastic parameters to predict the foam behaviors under any test conditions (Table 3 ) [40] . TABLE 3. Relationship between dimensional and dimensionless viscoelastic parameters
Dimensional viscoelastic parameters Dimensionless viscoelastic parameters
With equation (20) and the identification method mentioned above, the dimensionless viscoelastic parameters values are summarized in Table 4 . With the viscoelastic parameters in Table 4 , the difference-stress results of the three foams in three tests are shown in Fig. 4 . To validate these viscoelastic results, the comparison of the model and the experimental difference-stress between the loading and unloading phases is necessary. Figure 4 shows that the model difference-stress results are in good agreement with the experimental difference-stress between the loading and unloading phases. It can also be seen that the three different foams exhibit different viscoelastic behaviors in test 1. According to these comparison results, foam A has a higher difference-stress than foam B and foam C. On the other hand, foam B and foam C do not exhibit a significantly different differencestress in the time zone 60 to 75 seconds.
FIG. 4. Model results of difference-stress between the loading and unloading phases of the three foams in test 1
The viscoelastic relative errors of the three foams in three different tests are given in Table 5 . The viscoelastic stress results for the three foams in test 1 are given in Fig. 5 . It can be seen from these comparison results that foam A has the highest viscoelastic stress of the three foams and the viscoelastic stress of foam B is higher than that of foam C. It shows that the viscoelastic stress follows a reverse orientation of the global stress. This describes the relaxation effect on the global behavior of foams.
FIG. 5. Viscoelastic stress results of the three foams in test 1
Ogden-viscoelastic results
As viscoelastic stress has already been obtained with the model (Table 4 , Fig. 5 ), the elastic behavior described by the Ogden model is now considered. The simulation of three foams at three strain rates was performed with different N values (N=1, N=2 and N=3). The comparison results (Fig. 6) help to determine the Ogden model order in equation (5). As shown in Fig. 6 , the model prediction results become better and better with the increase of N values. For a precise analysis, the errors of the Ogden viscoelastic model for the three foams, at three strain rates and for different N values, are considered and summarized in Table  6 . According to Fig. 6 and Table 6 , it is clear that the three-term expression of the Ogden hyperelastic model is required. The results of the Ogden elastic parameter for the three foams in three tests are given in Table 7 . 
Polynomial-viscoelastic results
The polynomial model (equation 9) is also used here to predict the elastic properties of the foams. Using the same viscoelastic stress determined by the hereditary integral model, the results of the different orders of N of the polynomial-viscoelastic model are given in Fig. 7 .
FIG. 7.
Comparison of Polynomial viscoelastic model results with N=1, N=2 and N=3.
As shown in Fig. 7 , the Mooney-Rivlin model (N=1) cannot reach the experimental test results, which indicates that this model cannot predict the elastic behavior for the three polyurethane foams. On the other hand, it can be seen from Fig. 7 that the polynomial model with N=2 and N=3 well agrees with the experimental results. The relative errors of the polynomial model with N=1, N=2 and N=3 for three foams in three tests are given in Table 8 . According to Table 8 and Fig.7 , the polynomial viscoelastic model of the order N=2 and N=3 better agrees with the experimental data than that of the order N=1(Mooney Rivlin model). Table 8 also shows that the errors between form N=2 and form N=3 do not present a great difference. Moreover, form N=3 has more parameters (12 parameters) than form N=2 (7 parameters). Considering the number of parameters and the accuracy of the simulation results, the polynomial model of the order N=2 is used and the values of the model parameters estimated from the compression test are presented in Table 9 . 
Reduced polynomial viscoelastic results
The reduced polynomial model is also considered here to simulate the elastic properties of three polyurethane foams. With an identification procedure similar to that of the Ogden and Polynomial model, the global results for different orders N of this model are shown in Fig. 8 .
FIG. 8. Comparison of the reduced polynomial viscoelastic model results with N=1, N=2 and N=3
It can be seen in Fig.8 that the Neo-Hookean model (N=1) does not agree with the experimental curves. With the order N=2, the model results cannot give an acceptable comparison either. On the contrary, the model with the order N=3 is in good agreement with the experimental results. Table 10 shows the errors of the reduced polynomial-viscoelastic model for the three foams in three tests with different values of N. According to Fig.8 and table 10 , the form of order N=3 is required here for the prediction of the elastic behavior of polyurethane foams with the reduced polynomial viscoelastic model. The elastic parameters of the reduced polynomial model with N=3 are given in Table 11 . 
DISCUSSION
Validation of the parameters
As mentioned in the experimental section, it is necessary to determine the minimum of N test samples (Table 2) to ensure the statistical quality of all identified parameters. This quality is reviewed through the set at a 95% confidence level and the statistical limit error "SLE" shall not exceed 10%. In order to obtain the minimum number of test samples for each strain rate in the three different polyurethane foams, the following equation is required [40] : (22) where and are standard deviation values and the estimated average corresponding to th parameters. These two parameters are obtained from the identification results of the preliminary test with 15 test samples.
is a coefficient which can be determined with the probability table suitable for the estimated probability law of th parameters. Ceil(x) is a function to round to the smallest integer not less than x in MATLAB. The Student law is used for all parameters in this paper. In the identification method section, a difference-stress method is used to identify the viscoelastic parameters based on the symmetry of the elastic stress. So, it is necessary to check this assumption. Figure 9 indicates that the model elastic stress verifies the elastic symmetry. Except for the standard deviation analysis, the model results also show a good agreement with the experimental data. According to Fig. 10 , the Ogden-hyperelastic model curves lie between the minimum and maximum experimental envelopes. This is another criterion for the validation of the parameters.
Comparison of three models
In the present paper, three visco-hyperelastic models have been proposed. According to the results of Fig.6 and Table 6 , three-term expression is required for Ogden's viscoelastic model. Figure 7 and Table 8 indicate that the value of N=2 of the polynomial viscoelastic model is considered here to predict the mechanical behavior of polyurethane foams. The order of N=3 of the reduced polynomial model is used here according to the comparison results in Fig.8 and Table 10 . Considering the number of model parameters and the errors between the model results and experimental results (see Table 12 ), Ogden's viscoelastic model with form N=3 has the least number of parameters (6 parameters) and the minimum mean errors for the three foams in three tests. Therefore, the Ogden viscoelastic model is more efficient than the other two models. Fig.5 .The comparison response of the elastic stress of the three foams obtained with Ogden's model in test 1 is given in Fig.9 .
FIG. 9. Comparison of the elastic results of Ogden's model with the three foams in test 1
It can be seen in Fig. 9 that Foam A has the highest elastic stress of the three foams. Foam B has a slightly higher elastic response than Foam C. From the comparison results, it appears that Ogden's viscoelastic model proposed in this paper can be used to predict the mechanical behavior of different types of polyurethane foam with different densities. The first advantage of this model is that the dimensionless viscoelastic parameters do not depend on the test conditions. These parameters can be used to predict the viscoelastic behavior of polyurethane foam in other different test conditions, such as different strain rates. The second advantage is that the model cannot only be used to predict the mechanical behavior of polyurethane foam, but also to predict the hyperelastic behavior of materials, such as rubber-like materials, or viscoelastic behavior materials or both of these two behavior materials. Based on these two main advantages, this model will be used for further research work.
